We present a series of closed-form maximum entropy upper bounds for the differential entropy of a continuous univariate random variable and study the properties of that series. We then show how to use those generic bounds for upper bounding the differential entropy of Gaussian mixture models. This requires to calculate the raw moments and raw absolute moments of Gaussian mixtures in closed-form that may also be handy in statistical machine learning and information theory. We report on our experiments and discuss on the tightness of those bounds.
Introduction
Shannon's differential entropy [4] H(X) of a continuous random variable X following a probability density function p(x) (denoted by X ∼ p(x)) on the support X = {x ∈ R : p(x) > 0} quantifies the amount of uncertainty [4] of X by the following celebrated formula:
When the logarithm is expressed in basis 2, the entropy is measured in bits. When using the natural logarithm (basis e), the entropy is measured in nats. The entropy functional H(·) is concave [4] , may be negative 1 , and may be infinite 2 when the integral of Eq. 1 diverges. Although closed-form formula for the differential entropy are available for many common statistical distributions (see the devoted book [11] and [14] ), the differential entropy of mixtures usually does not admit closed-form expressions [10, 20] because the log term in Eq. 1 transforms into an untractable log-sum term when dealing with mixture densities. Let us denote by m(x) = k c=1 w c p c (x) * Frank Nielsen is withÉcole Polytechnique (Palaiseau, France) and Sony Computer Science Laboratories Inc. (Tokyo, Japan). Email: Frank.Nielsen@acm.org † Richard Nock is with Data61, the Australian National University, and the University of Sydney, Australia. Email: Richard.Nock@data61.csiro.au 1 For example, when X ∼ N (µ, σ) is a Gaussian distribution of mean µ and standard deviation σ > 0, then H(X) = 
log(2πeσ
2 ), and is therefore negative when σ < 1 √ 2πe
. 2 For example, consider X ∼ p(x) with p(x) = log(2) x log 2 x for x > 2 (with support X = (2, ∞)). Then H(X) = +∞. This result is to contrast with the fact that the discrete entropy on a finite alphabet X is bounded by log |X |.
the density of a mixture 3 M ∼ m(x) with k components X c ∼ p c (x), where w ∈ ∆ k denotes the k-dimensional open probability simplex. That is, a mixture is a convex combination of component distributions p 1 (x), . . . , p k (x). We shall consider mixtures of Gaussians with component probability density functions X i ∼ N (µ i , σ i ) such that:
where µ i = E[X i ] ∈ R and σ i = E[(X i − µ i ) 2 ] > 0 denote the mean parameter and the standard deviation of X i , respectively. Statistical mixtures allow flexible fine modeling of arbitrary smooth densities: They are provably universal smooth density estimators. The most common mixtures are the Gaussian Mixture Models (GMMs) that are frequenty met in applications. To tackle the differential entropy of continuous mixtures, various approximation techniques have been designed (see [15] and references therein for a state-of-the-art). In practice, to estimate H(X) with X ∼ p(x), one uses the following Monte-Carlo (MC) stochastic integration:Ĥ
where {x 1 , . . . , x s } is an independent and identically distributed (iid) set of variates sampled from X ∼ p(x). This MC estimatorĤ s (X) is consistent (ie., lim s→∞Ĥs (X) = H(X), convergence in probability). Moshksar and Khandani [13] recently considered the special case of isotropic spherical Gaussian Mixture Models (ie., GMMs with identical standard deviation), and used Taylor expansions to arbitrarily finely approximate the differential entropy of those isotropic GMMs. Interestingly, they mentioned in their paper [13] the so-called Maximum Entropy Upper Bound (MEUB) that relies on the fact that the continuous distribution with prescribed variance maximizing the entropy is the Gaussian distribution of same variance. Since the entropy of a univariate Gaussian N (µ, σ) is 1 2 log(2πeσ 2 ), we end up with the following maximum entropy upper bound for an arbitrary random variable X:
where
2 denotes the variance of X. Since the variance V [X] of an arbitrary Gaussian mixture can be easily calculated in closed-form [15] :
, Eq. 3 yields the Gaussian MaxEnt Upper Bound:
apply more broadly to univariate continous mixtures. For example, our MaxEnt upper bounds also hold for mixtures of exponential families [18] that generalize the GMMs (and have always guaranteed finite entropy). For GMMs, we shall show that the Gaussian MaxEnt Upper Bound is not necessarily the best MaxEnt upper bound in closed form, and report instead a series of upper bounds. The paper is organized as follows: Section 2 introduces the general principle for building Maximum Entropy (MaxEnt) Upper Bounds. It is followed by Section 3 that construct a series of MaxEnt upper bounds derived from a special family of MaxEnt distributions that we termed Absolute Monomial Exponential Families. Those generic bounds are instantiated for Gaussian Mixture Models (GMMs) in Section 4. Section 5 report on our experiments and discusses the tightness of the bounds. Finally, Section 6 wrap ups the results and conclude the work. Besides, an appendix provides the detailed calculation of the raw absolute moment of a non-centered normal distribution that is used in Section 4 to get closed-form MaxEnt upper bounds for GMMs.
Maximum entropy upper bounds on the differential entropy
The MaxEnt distribution principle was investigated by Jaynes [7, 8] to infer a distribution given several "moment constraints." MaxEnt asks to solve the following constrained optimization problem: max
When an iid sample set {x 1 , . . . , x s } is given, we may choose, for example, the raw geometric sample moments η i = 1 s s j=1 x i j for setting up the constraint E[X i ] = η i (ie., taking t i (X) = X i in Eq. 5). The distribution p(x) maximizing the entropy under those moment constraints is unique and termed the MaxEnt distribution. The constrained optimization of Eq. 5 is solved by means of Lagrangian multipliers [4, 12] . It is well-known [6, 12] that the MaxEnt distribution p(x) belongs to a parametric family of distributions called an exponential family [3] . An exponential family (EF) admits the following canonical probability density function:
where a, b = a b denotes the scalar product, and θ ∈ Θ the natural parameter vector belonging to the natural parameter space Θ ⊂ R D . For MaxEnt distributions, the exponential family {p(x; θ) : θ ∈ Θ} is generated by the sufficient statistics t i (x)'s. The natural parameter of the MaxEnt distribution is given by the Lagrangian multipliers [4, 12] . It follows that we have E X [t(X)] = η for some unique random variable X ∼ p(x; θ) with θ ∈ Θ = {θ : exp(θ t(x))dx < ∞}, see [3] . The function F (θ) = log p(x; θ)dx is called the log-normalizer [3] since it allows to normalize the density to a probability: X p(x; θ)dx = 1. In statistical physics, the partition function Z(θ) = exp(F (θ)) is rather used to normalize the distributions.
The key observation is to notice that by construction, any other distribution with density p (x) different from the MaxEnt distribution p(x) and satisfying all the D moment constraints E[t i (X)] = η i will have necessarily smaller entropy: H(p (x)) ≤ H(p(x)) with p(x) = p(x; θ). However, depending on the choosing sufficient statistics t i 's, neither θ nor F (θ) may be available in closed-forms, and thus need to be approximated numerically [12] .
In the remainder, we upper bound the differential entropy of a continuous random variable (eg., finite mixtures) by building a collection of upper bounds derived from MaxEnt distributions which admit closed-form expressions for their differential entropy. Those bounds proves handy in practice for GMMs since the differential entropy of a GMM is not available in closed-form [13, 20] . Besides, we report closed-form formula for calculating the arbitrary raw absolute moments of a univariate Gaussian Mixture Model that may prove useful in other areas of statistical machine learning and information theory.
3 MaxEnt upper bounds from raw absolute moment constraints:
The Absolute Monomial Exponential MaxEnt distributions
Consider the univariate uni-order (D = 1) family of Absolute Monomial Exponential Family (AMEF) induced by the absolute value of a monomial of degree l ∈ N defined over the full support X = R:
for θ < 0. The natural parameter space is Θ = (−∞, 0)). The log-normalizer 4 is:
where the Gamma function Γ(u) = ∞ 0 x u−1 exp(−x)dx generalizes the factorial (Γ(n) = (n − 1)! for n ∈ N). The Gamma function can be approximated finely in a few constant operations. In fact, even better, it is the function log Γ(u) that can be calculated quickly (see the numerical receipe in [16] ), so that the log-normalizer of Eq. 8 can be calculated fast for any l ∈ N and θ < 0. Note that those AMEF distributions are unimodal distributions with the unique mode located at x = 0. Since p l (x; θ) = p l (−x; θ), the mean E p l (x;θ) [X] of an AMEF is always zero. Now, the key element is to notice that the differential entropy H l (θ) = H(p l (x; θ)) of an AMEF admits the following closed-form formula:
where a l = log 2 + log Γ
l is a constant independent of θ. The entropy can be expressed equivalently using the Legendre convex conjugate [14] F * (η) as:
with
lη . Therefore the entropy formula expressed using the η-parameter is:
a constant at prescribed l, independent of η. We readily check YoungFenchel equality:
: θ ∈ Θ} denote the expectation parameter space. For AMEFs, the dual natural/expectation parameter spaces are thus Θ = (−∞, 0) and H = (0, +∞). To avoid confusion, let us denote by H θ l (·) and by H η l (·) the entropy formula of Eq. 9 and Eq.11 with respect to the natural and expectation parameters, respectively.
To upper bound the entropy of any arbitrary univariate continuous random variable X (let it be a mixture or not), we simply calculate the l-th raw absolute geometric moment A l (X) = E X [|X| l ], and deduce the following MaxEnt entropy Upper Bound (MEUB) U l :
We thus obtain an infinite countable series of MaxEnt Upper Bounds (MEUBs) that we summarize in the following theorem:
Theorem 1 (AMEF MaxEnt Upper Bounds) Let X be a continuous random variable with support X = (−∞, ∞). Then the differential entropy H(X) of X is upper bounded by the following series of MaxEnt upper bounds:
where b l = log 2 + log Γ
That is, the absolute geometric moments coincide with the geometric moments for even integer l.
Let us give two well-known MaxEnt distributions that are AMEF MaxEnt distributions in disguise, with their corresponding differential entropies:
. By setting θ = − 1 2σ 2 , we get the usual canonical standard Gaussian density:
2σ 2 ). Since θ = − 1 2σ 2 , we recover the usual entropy of a Gaussian: H(p 2 (x; θ)) = 1 2 log 2πeσ 2 . It follows that:
Since θ = − 1 2σ 2 , and considering the location-scale family, we get back the usual entropy expression of a Gaussian X ∼ N (µ, σ) : H(p 2 (x; θ)) = 1 2 log 2πeσ 2 .
• Consider l = 1. The MaxEnt distribution is the standard Laplacian distribution [6] with density written canonically as p(x; θ) = exp θ|x| − log(− 2 θ ) with F 1 (θ) = log(− 2 θ ). The differential entropy can be expressed in either the natural or expectation coordinate system as H(p(x; θ)) = 1 + log 2 −θ or H(p(x; η)) = 1 + log(2η) with η = F 1 (θ) = − 1 θ , respectively.
In general, the differential entropy of an AMEF distribution of degree l is negative when:
and non-negative otherwise. Note that when l = 2, the AMEF is the Gaussian family, and since Γ( , as already claimed above.
Finally, we can extend the AMEF differential entropy formula to location-scale AMEF distributions with µ a location parameter and σ a dispersion parameter. Let y = µ + σx, and
σ ; θ) (where p l (x; θ) denotes the standard AMEF distribution). We have dy = σdx and by making a change of variable in the integral of Eq. 1 (see Appendix), it follows that H(Y ) = H(X) + log σ (thus always independent of the location parameter).
Lemma 1
The differential entropy of a location-scale absolute monomial exponential family of degree l and location parameter µ and dispersion parameter σ > 0 is available in closed-form as:
Note that scaling an AMEF amounts to scale its natural parameter since θ
. When the support is restricted to X = [0, ∞) instead of R, we subtract the log 2 from F and H formula. For example, this is useful when considering mixtures of Rayleigh distributions instead of Gaussian distributions.
MaxEnt upper bounds for GMMs
In order to apply the MaxEnt upper bounds U l for a GMM with probability density function m(x) = k c=1 w c p(x; µ c , σ c ), we need to compute its absolute raw moment and plug this value into formula Eq. 12. By linearity of the expectation operator, we have:
The raw geometric moments and absolute raw geometric moments for a centered Gaussian distribution (ie. µ = 0) are reported in [21] : Closed-form formula are reported for the (absolute) moments for real-valued r > −1 using the Kummer's confluent hypergeometric functions [21] . For l = 2, we can thus recover the well-known MaxEnt Variance GMM upper bound [15] :
. Surprisingly, we did not find the general formula for the raw absolute moments of a noncentered Gaussian. We carried out the calculations reported in the Appendix. Fortunately, the raw absolute moments of a Gaussian admit closed-form formula expressed equivalently either using the
2 dx, the error function erf(x) or the complementary error function erfc(x) = 1 − erf(x). Those basic CDF, erf and erfc functions are related to each other by the following identities:
Based on our calculations, we state the series of MaxEnt upper bounds for the differential entropy of a GMM X ∼ m(x) = k c=1 w c p(x; µ c , σ c ) in the following corollary of Theorem 1:
, where
with the terminal recursion cases:
In particular, the first two MaxEnt upper bounds (corresponding to the Laplacian and Gaussian MaxEnt distributions, respectively) are given as:
Corollary 3 (Gaussian maximum entropy upper bound) The differential entropy of a GMM X ∼ k c=1 w c p(x; µ c , σ c ) is upper bounded by:
w c µ c . Thus we can bound the differential entropy by H(X) ≤ min(U 1 (X), U 2 (X)), and for our series of upper bounds by:
Since the differential entropy does not change by changing the location parameter, we may consider without loss of generality that the GMM is centered to zero (that is, its expectation E[X] is zero). If not, we simply translate the GMM by setting the component means to µ i = µ i −μ so that the expectation of the GMM matches the expectation of the AMEF. This alignment of the GMM to the AMEF preserves the MaxEnt upper bounds.
In general, we may shift the GMM X by δ ∈ R by setting µ i (δ) = µ i − δ. Let X δ denotes this shifted GMM, A l (δ) = E[|X δ | l ] and U l (δ) = U l (X δ ). We can further refine the MEUBs by minimizing the MaxEnt upper bounds:
where b l = log 2 + log Γ 1 l − log l + 1 l (1 + log l). When l = 2, the optimal shift is obtained for δ =μ. However, when l = 1, the optimization problem is non-trivial and requires numerical optimization procedures. (In the remainder, we consider δ =μ when carrying experiments.)
5 Experiments and tightness of the bounds
Laplacian versus Gaussian MaxEnt upper bounds
First, we consider the following experiment repeated t = 1000 times: We draw of a GMM X ∼ m with two components with µ i , σ i ∼ iid U (0, 1) and w i ∼ iid U (0, 1) chosen as uniform weights renormalized to 1, we recenter the GMM so thatμ = 0 (setting δ =μ), and compute the stochastic approximationĤ of H(X) (for s = 10 6 samples), and the first order and second order maximum
. We report average approximations
, and the percentage of times MEUB U 1 (X) < U 2 (X): Gaussian MEUB is on average 40% aboveĤ and Laplacian MEUB is on average 10% aboveĤ. Laplacian MEUB bound beats the Gaussian MEUB 32.9% on average. Thus we recommend practitioners to upper bound the differential entropy of a GMM X by H(X) ≤ min(U 1 (X), U 2 (X)).
Series of MaxEnt upper bounds
A question one may ponder is whether all MEUBs U l (X) are useful of not? We performed an experiment by drawing at random GMMs X with k = 2 components and checking among the first n bounds U 1 (X), . . . , U n (X). We found experimentally that most of the time the bounds U 1 (X) and U 2 (X) suffices, but sometimes the tightest bound could be U n (X). This is the case when one component is almost a Dirac (σ = o(1)) while the other component has significant standard deviation, and the two Gaussian components far apart. For example, let us choose
We get NaN numerical errors when computing U 38 using the closed-form formula.
We shall make more precise those arguments in the following section.
Tightness analysis of MaxEnt upper bounds
First, let us show that bound U 1 (the Laplacian MEUB) may be better than U 2 (the Gaussian MEUB). To derive analytic conditions, we consider the restricted case of zero-centered GMMs [19] .
We have
πσ , and therefore get the upper bound U 1 on the differential entropy of the mixture as:
This bound is strictly better than the traditional Gaussian bound [13] :
provided that U 1 (X) < U 2 (X). Note that when l = 2 and k = 1, the U 2 bound matches precisely the entropy of the single-component Gaussian mixture. Let σ 1 be the arithmetic weighted mean and σ 2 = k i=1 w i σ 2 i be the quadratic mean of the weighted standard deviations, respectively. Then U 1 (X) < U 2 (X) if and only if:
That is, we need to have
≈ 0.9527. Observe that the weighted quadratic mean dominates 5 the weighted arithmetic mean, and therefore
Equality of arithmetic/quadratic means only happens when all the σ i 's coincide (since we have zero-centered GMMs, that means that the GMM collapses to a Gaussian). To summarize our illustrating example, bound U 1 may be better or worse than U 2 depending on the set of σ i 's. For the degenerate case k = 1 (single component X = N (0, σ)), the condition of U 1 < U 2 (U 1 tighter than U 2 ) writes as σ > 2 √ e π (that is, σ > 1.0496). Now, for l ∈ N, we built a MaxEnt upper bound on the differential entropy of a GMM X ∼ m(x). How does this infinite sequence of bounds U 1 , U 2 , . . . , U q , . . . relate to each others? For a prescribed value A, H η l (A) decreases as l increases, but the absolute raw moment A l (X) also varies. Does there always exist a GMM X so that there exists l > l such that
For general GMMs, we explained in the former section that by taking a GMM with two components with one component almost a Dirac, we could establish experimentally that all bounds could 5 In general, we denote for a strictly increasing function f (x) the quasi-arithmetic weighted mean by σ f (x) = f (−1) k i=1 wif (σi) , see [9] .
yield the tightest one. Here, to answer negatively this question when considering the family of zerocentered Gaussian mixtures, we shall consider even integers l and l = l + 2. Let N ∼ N (µ = 0, σ). Then the geometric raw moments coincide with the central geometric moments, and by the linearity of the expectation operator, we have [21] :
Then we have the following MaxEnt upper bound U l :
Lemma 2 (Zero-centered GMMs) The differential entropy of a zero-centered GMM X ∼ k c=1 w c p(x; 0, σ c ) is upper bounded by:
whereσ l is the l-th power mean:σ
When l → ∞, we haveσ l → max i σ i . Thus for a tighter bound U l+2 < U l , we need to find a zero-centered GMM so that:
Since the (l + 2)-power mean dominates 6 the l-power mean (ie.,σ l+2 >σ l ), we haveσ l+2 σ l ≥ 1 and therefore logσ l+2 σ l ≥ 0. It turns out that ∆ l < 0 when l > 2 with lim l→∞ ∆ l = 0. So we conclude that only U 1 and U 2 are necessary for zero-centered GMMs (and we define the MEUB as min(U 1 , U 2 )).
When considering arbitrary GMMs, the situation is analytically more complex to decide. Last but not least, whether bound U l proves useful or not depends on the mixture family (eg., mixtures of Pareto distributions [1] ). A Pareto distribution has density α x α+1 for x > 0 and α the shape parameter. The raw moments of a Pareto distribution is A l = α α−l for α > l and ∞ otherwise.
Conclusion
We considered the novel parametric family of Absolute Monomial Exponential Families (AMEFs), and reported a closed-form differential entropy formula for these AMEFs. We then considered a collection of Maximum Entropy Upper Bounds (MEUBs) for an arbitrary continuous random variable based on its raw geometric absolute moments (Theorem 1), and show how to apply those generic bounds to the specific case of Gaussian Mixture Models (GMMs). Interestingly, we showed that the Laplacian MaxEnt upper bound may potentially be tighter than the traditionally used Gaussian MaxEnt upper bound. Therefore, we recommend in practice to take the minimum of these Laplacian and Gaussian MEUBs. This new series of MaxEnt upper bounds proves useful in practice since the differential entropy of mixtures does not admit a closed-form formula [20] . Besides, we report in the Appendix closed-form formula for calculating the raw absolute moments of a univariate Gaussian Mixture Model. The method can be extended to any location-scale univariate continuous distribution.
A Java TM source code for reproducible research with test experiments is available at:
https://www.lix.polytechnique.fr/~nielsen/MEUB/ A Differential entropy of a location-scale distribution
σ ) denote the density of a location-scale distribution on the full support R, where µ ∈ R denotes the location parameter and σ > 0 the dispersion parameter. For example, a normal distribution has location parameter its mean and dispersion parameter its standard deviation. Let us prove that the entropy H(X) is H(X 0 ) + log σ with X ∼ p(x; µ, σ) and X 0 ∼ p 0 (x), a quantity always independent of the location parameter µ. We shall make use of a change of variable y = x−µ σ (with dy = dy σ ) in the integral to get:
= H(X 0 ) + log σ.
B Raw absolute moments of a non-centered normal distribution
Let X ∼ N (µ, σ) be a normal random variable of mean µ ∈ R and standard deviation σ > 0. Let us express the density of the normal distribution as a location-scale density: p(x; µ, σ) =
, where p 0 (x) denotes the density of the standard normal distribution X 0 :
Define the raw (uncentered) l-th absolute moment E[|X| l ] for a continuous univariate locationscale family with standard density p 0 :
We first consider the calculation of A l = E[|X| l ] = E[X l ] for even integer l, and then proceed with the computation of E[|X| l ] for odd l.
B.1 Raw even (absolute) moments
The raw absolute geometric moment amounts to the raw geometric moment for even integer l:
. It follows after a change of variable y = x−µ σ (so that x = σy + µ) with dy = dx σ (and dx = σdy) that:
Performing the binomial expansion (σy + µ) l = l i=0 l i (σy) i µ l−i , we get:
where +∞ −∞ y i p 0 (y)dy is the i-th raw moment of the standard normal distribution X 0 :
, with n!! the double factorial:
π Γ( n 2 + 1). We end-up with the following raw moment direct formula for an even integer l:
In particular, we recover the second (absolute) moment:
B.2 Raw absolute moments of odd order
We get rid of the cumbersome absolute value by splitting the integral onto the positive and negative support as follows:
Consider the change of variable y = x−µ σ . We get:
By performing binomial expansion and sliding the integral inside the binomial sum, we get:
By a change of variable y = −x (with dy = −dx), we find that:
Thus it is enough to consider the computation of I i for all non-negative integers i ≥ 0, and get the raw absolute moment as:
Consider the integration by parts 7 for calculating integral: (i − 1)x i−2 ):
Thus we end up with the following recursive formula:
Equivalent expressions may be obtained using the error function or the complementary error function by using the following identities:
B.3 Numerical robustness
We checked experimentally the numerical robustness of those formula by comparing the exact moment formula with the Monte-Carlo estimated ones. In general, the moment E X [g(X)] = g(x)p(x; µ, σ)dx can be approximated stochastically using Monte-Carlo sampling as: . Note that although the formula of the raw absolute moment is exact, we use a fast approximation of the gamma function (see the numerical receipe in [16] ).
We report below the first fifteen (15) raw absolute moments E[|X| l ] of a Gaussian mixture random variable X ∼ m(x) = 
B.4 Raw sufficient statistic moments of exponential families
For univariate mixtures of natural EFs with a polynomial sufficient statistic t(X), we may easily calculate moments using the Moment Generating Function (MGF) [3] : M (t(u)) = E[exp( u, X )] = exp(F (θ + u) − F (θ)).
Thus for uni-order EFs, the geometric moments are given by the higher-order derivatives E X [t(X) l ] = M (l) (0). For uni-order exponential families, it follows that E[t(X)] = F (θ) = η, and V [t(X)] = F (θ) > 0 (since F is strictly convex). It follows that EFs have always all finite order moments expressed using the higher-order derivatives of the MGF. Thus we can always explicitly calculate the geometric moments of the sufficient statistic t(X) from the MGF provided that the log-normalizer F (θ) is available in closed-form. For example, we may consider mixtures of Rayleigh distributions (with t(x) = x 2 , see [3] ) instead of GMMs, and get closed-form MaxEnt upper bounds. The geometric raw moments of a Rayleigh mixture X is A l (X) = 2
Symbolic integration using a computer algebra system
The examples below show how definite integration is performed using the Computer Algebra System (CAS) Maxima 8 :
/* Example of a density that has infinite Shannon entropy */ p(x) := log(2)/(x*log(x)**2); /* check it integrates to 1 */ integrate(p(x),x,2,inf); /* check integral diverges */ integrate(-p(x)*log(p(x)),x,2,inf);
To handle AMEFs, we need to enforce that θ < 0. For example, to compute the log-normalizer of an AMEF of order l = 5 in Maxima, we may use the following script: assume (theta<0); F(theta) := integrate(exp(theta*abs(x)^5),x,-inf,inf); integrate(exp(theta*abs(x)^5-F(theta)),x,-inf,inf);
To program a binomial expansion in Maxima, we write the following recursive function: binomialExpansion(i,p,q) := if i = 1 then p+q else expand((p+q)*binomialExpansion(i-1,p,q)) ; expand(binomialExpansion(10,x,y)); factor(%);
We get at the console the following output:
Thus to obtain direct formulae for the raw absolute moments, we may use the following symbolic program in Maxima: binomialExpansion(i,p,q) := if i = 1 then p+q else expand((p+q)*binomialExpansion(i-1,p,q)) ; p0(y) := exp(-y^2/2)/sqrt(2*pi); absMoment(mu,sigma,l) := ratsimp(integrate(factor(expand(binomialExpansion(l,mu,y*sigma)))*p0(y),y,-mu/sigma,inf) -integrate(factor(expand(binomialExpansion(l,mu,y*sigma)))*p0(y),y,-inf,-mu/sigma)); assume(sigma>0); absMoment(mu,sigma,1); absMoment(mu,sigma,3);
